NONSTATIONARY THERMOCAPILLARY DRIFT OF A DROP OF VISCOUS LIQUID
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1. The mathematical formulation of the problem of the motion of a drop of viscous liquid
under the action of thermocapillary forces consists of the following [l1]. It is necessary
to find a surface I't, separating the space R?® intoabounded singly connected region ott and
its complement Q; = R®\ ], and the velocity field v, the pressure field p, and the tempera-
ture field T, which depend on the time t and the spatial coordinates x = (x;, X,, X3) and
satisfy the differential equations

oviot -+ voyv = —p~lyp +vyiv + g, v-v =0,

(1.1)
aT/ot + v.yT = yv2T in R3\Ty,
and the joining conditions
[P-n]f = oKn + vro, Vo = ven, [v]T =0, (1.2)
(xdT/0n)t =0, [T12 =0 on T,,
the conditions on infinity
v—>0 as |x]—> o0 (1.3)
and the initial conditions
vevy I'=Ty [1=T, at t=0. (1.4)

Here the density p, the kinematic coefficient of viscosity v, the coefficient of thermal dif-
fusivity X, and the coefficient of thermal conductivity % are piecewise-constant with a sur-
face of discontinuity TIt; the coefficient of surface tension o is a known function of the tem-
perature; P = —pI + 2uD(v), stress tensor; p = pv, dynamic coefficient of viscosity; I, unit
tensor; D(v), tensor of the deformation velocities, equal to the symmetric part of the tensor
Vv; Vn, velocity of Tt along the outer normal n, to Q+t; K, sum of the principal curvatures

I't (the trace of the curvature tensor); V and Vr, gradient operator in R® and gradient opera-
tor on I't, respectively. The symbol [-]i denotes a jump, i.e., [f]i = f+ — -, where f¥ are
the limiting values of the function f£(x, t) as x approaches a point on the surface I't from
Q%t. The mass—force density g(x, t), the functions v,(x), T,(x), and the surface I, are given.

It is evident from the boundary conditions (1.2) that the velocity and temperature fields
are continuous across T't, while the pressure field and tangential stresses undergo a jump. As
a result, in the presence of a temperature gradient there arise thermocapillary forces which,
together with the bouyancy forces, cause the drop to drift. For simplicity, here we study
the particular variant of the initial conditions v, = 0, T, = A*x, Ty = {|x| =a}. In addi-
tion, it is assumed that A = (0, 0, A) and g = (0, 0, g(t)). This problem describes the ac-
celeration of a drop by thermocapillary and buoyancy forces. The case of constant ¢ and g
is studied in [2, 3].

2. We transform now to a noninertial coordinate system, fixed to the center of mass
of the drop, moving in the starting system with the veloecity u(t) = (0, 0, u(t)), i.e.,
t
x’=x—fu(t)dt, t'=1.
J E

We introduce the new functions sought:

Vi=v—u,p =p+opxilg —du/d], T'=T,
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in the primed variables the system of equations (1.1) and (1.2) then transforms into a sys-
tem of the same form with g' =0, V'n = Vo — un, P' = —[p' + px'(du/dt — g)}I + 2uD(v').

Suppose that o(T) = o4 — o,T, where o, and o, are positive numbers. We select as the
length, time, velocity, pressure, and temperature scales the quantities a, a?/v7, o,Aafu”,
0,A, and Aa. Then the equations of motion after dropping the primes assume the form

oviot + Mav.-yv = —yplp® + v'y2v, y-v = 0, (2.1)
Pr[dT/dt + Mav-y7T] = y°y2Tin Q;,
Oviot + Mav-yv = —yp + V2V, y-v=_0,
Pr{oT/dt + Mav-VT] = VT in Q/;

{—p* +p~ + (0° — D(du/dt — n)zzin -+ 2u°D(v*).n —2D(v")-n = (We'' — I)Kn — yr 7, (2.2)
Veo=v-n V, =v -n, vi.1 = v -1,
w997+ /on = 0T /on, T* = T~ on Ty
v4u—>0 as |x]|—> oo (2.3)
v=0,u=0 T =2z5 ;= {x|=1} a ¢=0. (2.4)
Here T is the vector tangent to Tt; p® = pt/p7; v® = vF/v7; u® = p%0%; %% = xH/x"; %0 = wt/u;

Ma = (u”v7) 'o;Ag?, Marangoni number; We = o;Aa/0,, modified Weber number; Pr = v~ /x~, Prandtl
22

v

number; and w(t) = (UlA)‘lp‘ag( t), dimensionless mass—force density;

3. Let us assumed that Ma and Bo = sup |(p° — 1)n(t)| (analog of Bond's number) are
much less than 1. For fixed physical parameters of liquids these conditions are realized
if the quantities @2A and A~'sup |g(t)| are sufficiently small.* Expanding formally the
functions v, p, T in a series in Ma, we obtain for the first approximation the problem (2.1)-
(2.4) with Ma = 0, which has an exact solution with a spherical interface I't = {|x| = 1}. In
this case, Vh = 0 and K = 2.

Let (r, 9, 6) be spherical coordinates, i.e.,

2y =T1cospsin®, x, = rsin ¢sin 0, z; = rcosH.

We shall seek a solution under the assumption of axial symmetry. We introduce the stream
function y(r, 8, t) by the equations

(. S . )

Up = — ——— —0, Vg = ———p
r 2sing 907 7T Tsin@ ar’

Stokes' system

VIO = —p~'yp + vyiv

then assumes the form

2 . 2 o2
where E2’=6i2_+'1:°§_6
r

- 6_25; & = cos 6. Correspondingly, the components of the stress tensor
T

have the following form in terms of :

b o 0 (1 5%
Pro=—grgm B = (7 7))

*For example, for an air bubble in silicone o0il at 1410°C and in pure water at 15°C, Ma and
Bo are less than 1, if a2A does not exceed 7.2:107°¢ and 8.7:107* deg+cm, respectively, while
aA™'sup [g(t)| does not exceed 0.17 and 0.15 cm3-:sec”2+deg™!.

209



8 9 1 1 8y 2 2%
EPTT_“%T{I—Ez[E2¢—77J+_T;0&2}'

As a result there arises the problem for the functions ¢, T, and u:

E*VOE™ — ;] = 0, PrTy = y'AT for r<1, (3.1)
E2E* — ¥yl = 0, PrTy = AT for r>1;
Pt =0,9" =0, =1r, (3.2)

po(\pr,_- — 2 — ('lprr —, 2%,)" = (1— gz)TEﬂ

WIT =77, T"=T" atr=14

P/ — u{l — E?), Pe/r®—> —uf as 1> oo; (3.3)
Y=0,T=r8 u=0 a t=0; (3.4)
- .
Ey—+" 9, 2 T -, 2 T
(90—1)(ut—"1)+M°{~—1T§2‘—t+—r?‘l?§§}r —{T:E{lw'--r—z-%%}r =2Tg ar=1 (3.5)

1 /4 7} 7] 7

—rg—{gr— (r2 W) +3§-[(1——§2) ‘55]}§ the subscripts r, £, t denote partial derivatives with
respect to the corresponding variables. Equation (3.5) arose after differentiation of the
normal component of the dynamic condition with respect to £.

Here A=

4. The solution of the problem (3.1)-(3.5) is given by
P(r, §, 1) = rf(r, )t — &%), T(r, & 1) = O(r, 1)E.

Let uw*(s), f*(r, s), 0%(r, s) be the Laplace transforms of the functions u(t), £(r, t),
0(r, t). Then, taking into account the initial conditions (3.4), we obtained a problem for
u®, %, o%;

L2VOL2f* — sf*] = 0, 4°L20* = Pr[s®* — r] for r <1,

(4.1)
LE[L3f* — gf*] = 0, L*@* = Pr{s0* — r] for r>1;
=0, =0, i =i, wofe —frr = 0%, (4.2)
wOFt =07, 0" =0"" at r=1; :
ff-»u*/Z,f*/r—»u*ﬂ at r—oo;’ (4.3)
(4 — 0% (su* — 0*) + fror + frr — (s + 6) /3]~ (4.4)

=H0{f:rr+ffr—(3/'vo+6)f:<}+ at r=1,

2 . .
where L?= _i_ 2 (r-2 —a—) — . From the integral identity
2 or or r

. S (L*o) r3dr =1 (ro, — o),
0

with the function w = L2f* — (s/v%)f* it is easily established that the right side of Eg.
(4.4) is equal to zero. Thus the condition (4.4) simplifies to the following:

(1—p") (su* —*) + ([ + frr— (s +6) )7 =0 a r=1. (4.5)

5. Equations (4.1), taking into account the conditions that the velocity and temperature
fields are bounded at r = 0 and the conditions (4.3), assume the following solution:

%, s) = CLF(V's°r) + Car,
O*(r,s) =rls + QF(VW:‘) for r<<1,
P, s) = us@r/2 + C,G(Vsr) + Cyfr?,
0*(r, 5) = rls + CG(V'sPrr) for r>1;
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where F(z) = (shz/z)'; G(z) = (e"2/z)'; (+)' = d/dz. The functions C.(s), ..., Cs(s) are
determined from the six equations (4.2), while u*(s) is determined from Eq. (4.5). As a re-

sult we obtain Vi
* (4, 9}—|—3 1 u*{s)/2 Flar)—F(a)r .
*(r,s) = 3+V°’:H0H (@) : al’ (o) — F (o) * r<i,

0% (1, —3[24 p'H (@] u* ()2 V3
f*(ris)— . 3+V§+MOH(O') e X

X[G(VEr)—G—H/Z—E)—} +—’—u*(s)(r- :2), >,

o] f

0% (1, s)—-—{1 + (1—%0)[x° JU)

C* (s) ©* (1, 5) + (o° ~—1)n* o)

W) = T e e B ) (5.1)
Here
___ D@ a8 —3(2)ths
H(z) = 2F (5 —F (z) (F+3)ths—3z ’
3(1-
B*()=§[2+MOH(0¢) C* (s); C*(S)=3T1%t—1%2(7);

o= Vv p = VsPriy® = V sPr.

The following asymptotic formulas hold:
H() =3 + 0(z%), z2— 0; H(z) =z + O(1/z), 2 + oo.

From the asymptotic forms of B*(s), C*(s) in the limit s » +~ it follows that the original
functions B(t) and C(t) are generalized functions at t = 0. The transforms are therefore
naturally represented as

B*(s) = B*(0) + sb*(s), C*(s) = C*(co0) + c*(s),

where B*(0) = 3(2 + 3p%)/[2(1 + u®)]; C*(=) = 3/(1 + p%v°), and the original functions b(t)
and c(t) are ordinary functions with the following asymptotic forms in the limit t - 0

__ % Vo — + 01
be) 2(1+p°Vv°)V -
3 (2 ° Vvo) + 0 (1)’

0= Ty Ve

while in the limit t »

24 3p ~3/2

b(t)= (—1——_'_—”—) V.‘rl:t + 0 (t )
. 24 3“. ~5/2
c(t) = 6(1+H0)2 V—-—+0(t )

As a result, the formula (5.1) leads to the following integrodifferential equation for
uft)
+

(12 + o) ' (t) + ;b (t—t)u (t)dt, + (5.2)

‘ 3(2 4 3u%) _ ‘ o
Sy u(t)y=Z2(t)+ (0" — Hn (),
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where

30 (1, 1)
149" VW0

6. Suppose that the function n(t) has a limit as t » =, Then, because of the equali-
ties

b1
Z(t)= +jc(t —t,)0(1,t,)dt,.
0

lim © (1, ) = lim s0% (1, 5) — —>

t=o0 50 240

from (5.1) or (5.2) we find a formula for the limiting velocity

. 2 2(14 %)

lim u (t) =

100 (t) (2 +%°) (2 4 3u°) + 3{2 4349
The first term coincides with the thermocapillary drift velocity of the drop in the stationary

case, obtained in [4}; the second term coincides with the rise velocity of the drop under
the action of buoyancy force: represented by the Hadamard—Rybchinskii formula.

(o — 1) Lim 0 s).

In an analogous manner we determine from (5.1) or (5.2) the initial acceleration of the
drop:

(12 + %) u” (0) = + (0" — D n ©0).

3
L+p° VP
In addition, these equations enable finding the asymptotic expansion of u(t) with integer
powers of vt in the limits t » 0 and t > «,

In dimensional variables Eq. (5.2) can be put into the form of Newton's equation for
the drop

(4/3)na’ptu’(t) = Fy + Fp + Fs -- Fr + Fy,

where FM is the force generated by the effect of augmented masses; FB is the analog of Bass's
force; Fs is Stokes's force; FT is the thermocapillary force; and FpA is the buoyancy force:

4 —
Fy=5aa®(p" —p7) g (®)-

If p° +» «», then the thermocapillary force vanishes, and FB transforms into the Bass force,
arising when a solid sphere moves in the liquid; here

bH(s) = 9/@ VS, blt) = 9@V ).

In the other limiting case p® = 0 (drift of a gas bubble)

% — 6 — Be® 7
b* (s) = ViV b (t) = Be® erfe (3 Vi),
c*(s) = — 3—+—6_T/?, c(t) = 6{3e9t erfc (3 V1) — _'[/-1?_;}’

where erfcz = 15_‘§e—ﬁdz is the complementary probability integral. Since the derivative
n

b'(t) = 3c(t) is integrable on (0, =), after integration by parts Eq. (5.2) assumes the form
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i t
(1/2 4 o) u’ (t) + Yu (t) + 3jc(t —t)u(t)dt; =30 (1,t) + Sc(t —1,) O (4, t,) dty + (* — Hm ().

The last equation can be reduced to a third-order differential equation for u(t). Indeed,
the formula (5.1) with pu® = 0 can be written as

[(1/2 + p9s(V's 4+ 3) + 9(V'5 + )Iu*(s) = 3(V5 - 1)0*(1, 5) + (0° — (Vs + 3)n*(s) = h*(s).
Multiplying the left and right sides of this equality by
R*(s) = (1/2 + p%s(V's — 3) + 9(Vs — 1)
and introducing a notation for the cubic polynomial
Q(s) = (1/2 + 0%%s%s — 9) +18(1/2 + p%)s(s — 3) + 81(s — 1),
we obtain the differential equation

Q(d/dt)ult) = j(z),

where f(t) is a generalized function with the transform f*(s) = R*(s)h*(s).

We can now separate the regular part in f(t) and the singular part at t = 0, which con-
tains information on the boundary conditions for u(t). As a result, the transition from the
generalized Cauchy problem to the classical problem is made in a standard manner.

When p° = « the corresponding reduction proceeds to a second-order differential equation
(see [5]). The formula (5.1) assumes the form

[(1/2 + p%s + (9/2)(V's + 1) Iu(s) = (p° — 1n*(s)
and is regularized by the symbol
R¥*(s) = (172 + o%s — (9/2)(V's — 1).

In conclusion, the authors thank V. V. Pukhnachev for formulating the problem and for
his constant attention to this work.
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